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Let A be a prime algebra of characteristic not 2 with extended
centroid C, let R be a noncentral Lie ideal ofA and let B be the
subalgebra ofA generated by R. If f , d :R→A are linear maps
satisfying that
f ([x, y]) = f (x)y − f (y)x + xd(y) − yd(x) for all x, y ∈R,
then there exist a generalized derivation g :B→AC+C and a
linear map ζ :R→ C such that f (x) = g(x) + ζ(x) for all x ∈R and
ζ([R,R]) = 0 provided thatA does not satisfy the standard iden-
tity of degree 18.
© 2008 Published by Elsevier Inc.
1. Introduction and results
LetF be a commutative ring with 1 and letA be an algebra overF. For x, y ∈A, we denote
[x, y] = xy − yx the Lie product of x and y. A linear map d :A→A is called a derivation of A
if d(xy) = d(x)y + xd(y) for all x, y ∈A. A linear map d :A→A is called a Lie derivation of A if
d([x, y]) = [d(x), y] + [x, d(y)] for all x, y ∈A. The question whether Lie derivations of some important
Lie subalgebras of prime algebras, are induced by ordinary derivations, was a well-known prob-
lem posed by Herstein [19]. This problem had been discussed not only in algebra (see [6,7,9,14–
16,22,30,32,33,35]) but also in analysis (see [1,2,11,29,31,34,37]). In [14] Brešar solved Herstein’s
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problem for prime algebras and proved the following: LetA be a prime algebra of characteristic not
2. IfA does not satisfy the standard identity of degree 4, then every Lie derivation d ofA is of the form
d = δ + ζ ,where δ is a derivation fromA into its central closure and ζ is a linearmap ofA into its extended
centroid sending commutators to zero. Recently Beidar and Chebotar solved Herstein’s problem for Lie
ideals of prime algebras.
Inwhat followsF is a commutative ringwith 1 and 1
2
. It iswell-known that anF-algebraA is also
a LieF-algebrawith respect to the Lie product [, ]. AnF-submoduleR ofA is called a Lie subalgebra
if [R,R] ⊆R. Next, anF-submoduleR ofA is called a Lie ideal ofA if [R,A] ⊆R. A linear map
d :R→A of a Lie subalgebraR ofA is called a Lie derivation if d([x, y]) = [d(x), y] + [x, d(y)] for all
x, y ∈R. Precisely, Beidar and Chebotar proved.
Theorem BC [6, Theorem 1.1]. LetA be a prime algbera of characteristic not 2with extended centroidC,
letR be a noncentral Lie ideal ofA, letB be the subalgebra ofA generated byR and let d :R→R be
a Lie derivation ofR. Suppose thatA does not satisfy the standard identity of degree 14. Then there exist
a derivation D :B→BC +C and a linear map ζ :R→ C such that d(x) = D(x) + ζ(x) for all x ∈R and
ζ([R,R]) = 0.
A further generalization of Theorem BCwas obtained in [7, Theorem 4.4]. A linear map g :A→A
is called a generalizedderivation ofA if there exists a derivation d ofA such that g(xy) = g(x)y + xd(y)
for all x, y ∈A. Basic examples are derivations, generalized inner derivations (i.e., maps of the form
x → ax + xb for some a, b ∈A) and the left centralizers (i.e., linear maps satisfying g(xy) = g(x)y for
all x, y ∈A). The notion of generalized derivations was introduced by Brešar [13] and the algebraic
study of these maps was initiated by Hvala [21]. Recently many results concerning derivations had
been extended to the case of generalized derivations (see [3,10,17,20,23–26,28,36]). In [22] Hvala gave
the definition of a generalized Lie derivation and described its structure on prime algebras. A linear
map f :A→A is called a generalized Lie derivation if there exists a linear map d :A→A such
that
f ([x, y]) = f (x)y − f (y)x + xd(y) − yd(x) for all x, y ∈A.
It is worth noticing that d is not necessarily assumed to be a derivation or a Lie derivation. The
result of Hvala is as follows:
Theorem H [22, Theorem 1]. Let A be a prime algebra of characteristic not 2. If A does not satisfy
the standard identity of degree 6 and f :A→A is a generalized Lie derivation, then f is of the form
f = g + ζ , where g is a generalized derivation fromA into its central closure and ζ is a linear map ofA
into its extended centroid sending commutators to zero.
In this paper we will extend Theorem BC to the case of generalized Lie derivations. We say that a
linear map f :R→A of a Lie subalgebraR ofA is called a generalized Lie derivation if there exists
a linear map d :R→A such that f ([x, y]) = f (x)y − f (y)x + xd(y) − yd(x) for all x, y ∈R. Our main
result is
Theorem 1. LetAbeaprimealgberaof characteristic not2withextendedcentroidC, letRbeanoncentral
Lie ideal ofA, let B be the subalgebra ofA generated by R and let f :R→A be a generalized Lie
derivation of R. Suppose thatA does not satisfy the standard identity of degree 18. Then there exist a
generalized derivation g :B→AC+C and a linear map ζ :R→ C such that f (x) = g(x) + ζ(x) for all
x ∈R and ζ([R,R]) = 0.
2. Preliminaries
Throughout hereA is a primeF-algebra with maximal right algebra of quotients Q = Qmr(A),
extended centriodC and central closureAC =AC+C (see [8] for details). AlsoRwill always be a
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noncentral Lie ideal ofA. Ourmethod in this paper will be based on the powerful theory of functional
identities developed by Beidar et al. [12].
Letm be a positive integer and letU be a subset of Q. Let B :Um−1 → Q be a map (note that B is a
constant belonging in Qwheneverm = 1). We deﬁne a map Bi :Um → Q by the rule
Bi(x1, x2, . . . , xm) = B(x1, . . . , xi−1, xi+1, . . . , xm)
for all x1, x2, . . . , xm ∈U. We record three lemmas which can be found in [5, p. 3955].
Lemma 1. Let m be a positive integer and let U be a subset of Q containing R. Let Bi :Um−1 → Q,
i = 1, . . . ,m be maps such that
m∑
i=1
Bii(x1, x2, . . . , xm)xi = 0 for all x1, x2, . . . , xm ∈U
(or
∑m
i=1xiBii(x1, x2, . . . , xm) = 0 for all x1, x2, . . . , xm ∈U). Suppose thatA does not satisfy the standard
identity of degree 2m. Then each Bi = 0 for all i = 1, . . . ,m.
Lemma 2. Let q ∈ Q. IfRq = 0 (or qR = 0) andA does not satisfy the standard identity of degree 2, then
q = 0.
Lemma 3. Let Bi :A2 → Q, i = 1, 2, 3, be maps such that xB1(y, z) + yB2(z, x) + zB3(x, y) = 0 for all
x, y, z ∈A (or B1(y, z)x + B2(z, x)y + B3(x, y)z = 0 for all x, y, z ∈A). Suppose that A does not satisfy
the standard identity of degree 4. Then B1 = B2 = B3 = 0.
Proposition 4. LetAbeaprimealgebraof characteristicnot2, letRbeanoncentral Lie ideal ofA, letBbe
the subalgebra ofA generated byR. If f :R→A is a linear map satisfying that f ([x, y]) = f (x)y − f (y)x
for all x, y ∈R, then there is a left centralizer F :B→A (i.e. F(xy) = F(x)y for all x, y ∈B) such that
F(x) = f (x) for all x ∈R provided thatA does not satisfy the standard identity of degree 12.
Proof. We set [x, y] = xy − yx and x ◦ y = xy + yx for x, y ∈A. Note that we have the identity
[x ◦ y, z] + [y ◦ z, x] + [z ◦ x, y] = 0 for all x, y, z ∈A. (1)
LetR1 =R+R ◦R. Then by (1)R1 is a noncentral Lie ideal ofB containingR. We claim that there
exists a linear map F :R1 →A such that F([x, y]) = F(x)y − F(y)x for all x, y ∈R1 and F(x) = f (x) for
all x ∈R.
We deﬁne the map B :R3 →A by the rule
B(x, y, z) = f ([x ◦ y, z]) − f (x)yz − f (y)xz + f (z)x ◦ y for all x, y, z ∈R.
Clearly, B is trilinear and B(x, y, z) = B(y, x, z). Using (1), we see that
B(x, y, z) + B(y, z, x) + B(z, x, y) = 0 for all x, y, z ∈R. (2)
Also
B(x, y, [u, v])
= f ([x ◦ y, [u, v]]) − f (x)y[u, v] − f (y)x[u, v] + f ([u, v])x ◦ y
= f ([[x ◦ y,u], v] + [u, [x ◦ y, v]]) − f (x)y[u, v] − f (y)x[u, v] + f ([u, v])x ◦ y
= f ([x ◦ y,u])v − f (v)[x ◦ y,u] + f (u)[x ◦ y, v] − f ([x ◦ y, v])u
−f (x)y[u, v] − f (y)x[u, v] + f ([u, v])x ◦ y
= B(x, y,u)v − B(x, y, v)u.
(3)
From (2) it follows that
B([x1, x2], [y1, y2], [z1, z2]) + B([y1, y2], [z1, z2], [x1, x2])
+B([z1, z2], [x1, x2], [y1, y2]) = 0
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for all x1, x2, y1, y2, z1, z2 ∈R. By (3), we have
B([x1, x2], [y1, y2], z1)z2 − B([x1, x2], [y1, y2], z2)z1 + B([y1, y2], [z1, z2], x1)x2
−B([y1, y2], [z1, z2], x2)x1 + B([z1, z2], [x1, x2], y1)y2 − B([z1, z2], [x1, x2], y2)y1 = 0
for all x1, x2, y1, y2, z1, z2 ∈R. By Lemma 1,
B([x1, x2], [y1, y2], z1) = 0 (4)
for all x1, x2, y1, y2, z1 ∈R. Next from (2), it follows that
B([x1, x2], [y1, y2], z1) + B([y1, y2], z1, [x1, x2]) + B(z1, [x1, x2], [y1, y2]) = 0
for all x1, x2, y1, y2, z1 ∈R. Using (4) and (3), we obtain
B([y1, y2], z1, x1)x2 − B([y1, y2], z1, x2)x1 + B(z1, [x1, x2], y1)y2
−B(z1, [x1, x2], y2)y1 = 0
for all x1, x2, y1, y2, z1 ∈R. Again by Lemma 1, we see that
B([y1, y2], z1, x1) = 0 = B(z1, [x1, x2], y2)
for all x1, x2, y1, y2, z1 ∈R. Hence B(y, [z1, z2], x) = B([z1, z2], x, y) = 0 for all x, y, z1, z2 ∈R. Now by (2)
we have B(x, y, [z1, z2]) = 0. Then by (3)
B(x, y, z1)z2 − B(x, y, z2)z1 = 0.
So from Lemma 1 it follows that B(x, y, z1) = 0 for all x, y, z1 ∈R. That is,
f ([x ◦ y, z]) = f (x)yz + f (y)xz − f (z)x ◦ y for all x, y, z ∈R. (5)
Now we deﬁne a map F :R1 →A by the rule
F
⎛
⎝ n∑
i=1
xi ◦ yi + z
⎞
⎠ = n∑
i=1
f (xi)yi + f (yi)xi + f (z)
for all x1, y1, . . . , xn, yn, z ∈R. First we show that F is well-deﬁned. Assume that
∑n
i=1xi ◦ yi + z = 0 for
x1, y1, . . . , xn, yn, z ∈R and pick any w ∈R. Then
[∑n
i=1xi ◦ yi,w
] = −[z,w]. So by (5),(
n∑
i=1
f (xi)yi + f (yi)xi
)
w − f (w)
n∑
i=1
xi ◦ yi
= f
([
n∑
i=1
xi ◦ yi,w
])
= −f ([z,w])
= −(f (z)w − f (w)z)
= −f (z)w − f (w)
(
n∑
i=1
xi ◦ yi
)
.
Thus
(∑n
i=1 f (xi)yi + f (yi)xi + f (z)
)
w = 0 for allw ∈R. ThenbyLemma2,∑ni=1 f (xi)yi + f (yi)xi + f (z) =
0. This implies that F
(∑n
i=1 xi ◦ yi + z
) = 0 and so F is well-deﬁned. Clearly, F isF-linear and F(x) =
f (x) for all x ∈R. Next we show that F([x, y]) = F(x)y − F(y)x for all x, y ∈R1. Clearly by the defini-
tion of F and (5) we already have F([x, y]) = F(x)y − F(y)x and F([x ◦ y, z]) = F(x ◦ y)z − F(z)x ◦ y and
F([z, x ◦ y]) = F(z)x ◦ y − F(x ◦ y)z for all x, y, z ∈R. In view of (1), we have
[x ◦ y,u ◦ v] + [y ◦ (u ◦ v), x] + [(u ◦ v) ◦ x, y] = 0
for all x, y,u, v ∈R and hence [x ◦ y,u ◦ v] ∈R. For x, y, z,u, v ∈R,
F([x ◦ y,u ◦ v])z − F(z)[x ◦ y,u ◦ v]
= F([[x ◦ y,u ◦ v], z])
= −F([[u ◦ v, z], x ◦ y]) − F([[z, x ◦ y],u ◦ v])
= −F([u ◦ v, z])x ◦ y + F(x ◦ y)[u ◦ v, z] − F([z, x ◦ y])u ◦ v + F(u ◦ v)[z, x ◦ y]
= −(F(u ◦ v)z − F(z)u ◦ v)x ◦ y + F(x ◦ y)[u ◦ v, z]
−(F(z)x ◦ y − F(x ◦ y)z)u ◦ v + F(u ◦ v)[z, x ◦ y]
= (F(x ◦ y)u ◦ v − F(u ◦ v)x ◦ y)z − F(z)[x ◦ y,u ◦ v].
1240 P.-B. Liao, C.-K. Liu / Linear Algebra and its Applications 430 (2009) 1236–1242
So (F([x ◦ y,u ◦ v]) − F(x ◦ y)u ◦ v + F(u ◦ v)x ◦ y)z = 0 for all x, y, z,u, v ∈R. By Lemma 2, F([x ◦ y,u ◦
v]) = F(x ◦ y)u ◦ v − F(u ◦ v)x ◦ y for all x, y,u, v ∈R. This implies that F([x, y]) = F(x)y − F(y)x for all
x, y ∈R1.
Let be the set of all pairs (U, fU) such that
(1) U is a Lie ideal ofB containingR;
(2) fU :U→A is an F-module map such that fU([x, y]) = fU(x)y − fU(y)x for all x, y ∈U and
fU(x) = f (x) for all x ∈R.
Deﬁne a relation “” on  by (U, fU) (V, fV) if U ⊆V and fU(x) = fV(x) for all x ∈U. This
deﬁnes a partial ordering on  and it follows from Zorn’s lemma that  has a maximal element,
say, (U, fU). We claim that U =B. Recall that U is a Lie ideal of B containing R and fU([x, y]) =
fU(x)y − fU(y)x for all x, y ∈U. LetU1 =U+U ◦U. Then there exists aF-modulemap FU :U1 →A
such that FU([x, y]) = FU(x)y − FU(y)x for all x, y ∈U1 and FU(x) = fU(x) for all x ∈U. SinceU1 is a Lie
ideal ofB containingR and FU(x) = fU(x) = f (x) for all x ∈R, by the maximality ofU,U =U1. Thus
U ◦U ⊆U. So x ◦ y = xy + yx ∈U for all x, y ∈U. Clearly [x, y] = xy − yx ∈U for all x, y ∈U. Note that
1
2
∈F. Hence xy ∈U for all x, y ∈U. This implies thatU is aF-subalgebra ofB. Recall thatR ⊆U
andB is generated byR. SoB =U and then FB([x, y]) = FB(x)y − FB(y)x for all x, y ∈B. Replacing y
by x2, we have
FB(x)x
2 − FB(x2)x = 0 for all x ∈B.
A linearization of above equality yields
(FB(x)y + FB(y)x − FB(xy + yx))z + (FB(x)z + FB(z)x − FB(xz + zx))y
+(FB(y)z + FB(z)y − FB(yz + zy))x = 0
for all x, y, z ∈B. By Lemma 1, FB(x)y + FB(y)x − FB(xy + yx) = 0 for all x, y ∈B. Recall that FB(xy −
yx) = FB([x, y]) = FB(x)y − FB(y)x. The sum of these two equalities yields that 2FB(xy) = 2FB(x)y. So
FB(xy) = FB(x)y for all x, y ∈B. This proves the proposition. 
3. Proof of Theorem 1
We are now in a position to prove our main result.
Proof of Theorem 1. By assumption, for x, y, z ∈R,
f ([[x, y], z]) = f ([x, y])z − f (z)[x, y] + [x, y]d(z) − zd([x, y])
= (f (x)y − f (y)x + xd(y) − yd(x))z − f (z)[x, y] + [x, y]d(z) − zd([x, y]). (6)
Similarly, we have
f ([[y, z], x]) = (f (y)z − f (z)y + yd(z) − zd(y))x
−f (x)[y, z] + [y, z]d(x) − xd([y, z]) (7)
and
f ([[z, x], y]) = (f (z)x − f (x)z + zd(x) − xd(z))y
−f (y)[z, x] + [z, x]d(y) − yd([z, x]). (8)
Using the Jacobi identity [[x, y], z] + [[y, z], x] + [[z, x], y] = 0, the sum of (6), (7) and (8) yields
xB(y, z) + yB(z, x) + zB(x, y) = 0,
where B(x, y) = d([x, y]) − [d(x), y] − [x, d(y)]. By Lemma 1, d([x, y]) − [d(x), y] − [x, d(y)] = 0 for all x ∈
R. That is,d :R→A is a Lie derivation. By [7, Theorem4.4], there exist a derivationD :B→AC+C
and a linear map ζ :R→ C such that d(x) = D(x) + ζ(x) for all x ∈R and ζ([R,R]) = 0.
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Let f ′ = f − d. Then it is easy to see that f ′([x, y]) = f ′(x)y − f ′(y)x for all x, y ∈R. By Proposition
4, there exists a linear map F :B→A such that F(xy) = F(x)y for all x, y ∈B and F(x) = f ′(x) for all
x ∈R. Now it is easy to check that the map g = F + D :B→AC+C is a generalized derivation and
f (x) = g(x) + ζ(x) for all x ∈R. This completes the proof. 
In view of the proof of Theorem 1, we have
Corollary 1. LetA be a prime algbera of characteristic not 2 and let R be a noncentral Lie ideal ofA.
Suppose that f :R→A is a generalized Lie derivation of R and d :R→A is a linear map such that
f ([x, y]) = f (x)y − f (y)x + xd(y) − yd(x) for all x, y ∈R. Then d is a Lie derivation ofR provided thatA
does not satisfy the standard identity of degree 6.
We also generalize Theorem H as follows.
Theorem 2. LetA be a prime algebra of characteristic not 2. IfA does not satisfy the standard identity
of degree 4 and f :A→A is a generalized Lie derivation, then f is of the form f = g + ζ , where g is a
generalized derivation fromA into its central closure and ζ is a linear map ofA into its extended centroid
sending commutators to zero.
Proof. Byassumption, thereexists a linearmapd :A→A such that f ([x, y]) = f (x)y − f (y)x + xd(y) −
yd(x) for all x, y ∈A. By the proof of Theorem 1 and Lemma 3, we see that d is a Lie derivation ofA.
According to Brešar’s theorem [14, Theorem 5], d = δ + ζ , where δ is a derivation from A into its
central closure and ζ is a linear map ofA into its extended centroid sending commutators to zero. Let
f ′ = f − d. Then it is easy to see that f ′([x, y]) = f ′(x)y − f ′(y)x for all x, y ∈A. So f ′(x)x2 − f ′(x2)x = 0.
A linearization of this equality yields
(f ′(x)y + f ′(y)x − f ′(xy + yx))z + (f ′(x)z + f ′(z)x − f ′(xz + zx))y
+(f ′(y)z + f ′(z)y − f ′(yz + zy))x = 0
for all x, y, z ∈A. By Lemma3, f ′(x)y + f ′(y)x − f ′(xy + yx) = 0. Now it is easy to see that f ′(xy) = f ′(x)y.
Clearly g = f ′ + δ is a generalized derivation fromA into its central closure. So f = g + ζ , proving the
theorem. 
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